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Abstract

The Burnett equations with slip boundary conditions are used to simulate the compressible gas flow and heat transfer in micro Poiseu-
ille flow in the slip and transition flow regime. A relaxation method on Burnett terms is proposed in the present study and the thermal
creep effect is considered. Convergent results at Knudsen number up to 0.4 are achieved and the results agree very well with experimental
data. It is found that with the increase of Knudsen number, the Poiseuille number decreases while Nusselt number increases. The local
Poiseuille number decreases along the whole channel while the local Nusselt number decreases rapidly first and then increases slowly
afterwards.
� 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Research interest on gas flow and heat transfer phenom-
ena in microchannels has increased substantially in recent
years due to the developments in the electronic industry,
microfabrication technologies, biomedical engineering,
etc. Microscale fluid flow and heat transfer behaviors differ
greatly from those at macroscale [1–3]. Experiments con-
ducted by Harley et al. [1] on low Reynolds number gas
flows in microchannels showed that conventional analyses
are unable to predict the observed flow rates with any
degree of accuracy.

The direct simulation Monte Carlo (DSMC) method has
achieved great success in modeling the rarefied gas flow [4].
But this method requires a large number of particles for
accurate simulation and is very expensive both in computa-
tional time and memory requirements, especially for the
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low-speed flow in micro electro mechanical systems
(MEMS) and nanodevices [4].

As an alternative, higher-order extended or generalized
hydrodynamic equations have been proposed that can per-
form well in both the continuum and slip–transition
regimes [2,3]. Higher-order constitutive relations, beyond
the Navier–Stokes equations, for stress and heat transfer
terms are obtained using the Chapman–Enskog expansion
of the Boltzmann equation with Kn as a parameter [5].
Among them, the Burnett equations have been a subject
of considerable investigation in recent years. They were
firstly used to model the shock wave in the transition
regime and it was found that the Burnett equations provide
much more accurate numerical solutions than the Navier–
Stokes equations [3,6]. Recently, the Burnett equations
were also used to simulate the gas flow and heat transfer
in small devices in slip and transition flows. The Couette
flow and Poiseuille between two parallel plates were simu-
lated and compared with Naveir–Stokes results. Burnett
results show better agreement with DSMC results than
those of the Navier–Stokes equations [3,7,8].

Heat transfer characters in microchannels have been
studied by many researchers. Aydin and Avci [9] investi-
gated analytically the laminar heat transfer in micro
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Nomenclature

et total energy
f friction factor
H height of channel, m
Kn Knudsen number
L length of channel, m
Nu Nusselt number (hH/j)
p pressure, Pa
Po Poiseuille number (Po = fRe)
Pr Prandtl number (Pr = m/a)
qi heat flux vector
R gas constant, J/(kg K)
Re Reynolds number (Re = qHum/l)
Rf relaxation factor
T temperature, K
u, v, w velocity components, m/s

Greek symbols

c specific heat ratio
k molecular mean free path, m

l dynamic viscosity, kg/(m s)
P pressure ratio (P = pi/po)
q density, kg/m3

rij viscous stress tensor
rT thermal accommodation coefficient
rv tangential moment accommodation coefficient

Subscripts or superscripts

grid value based on grid
i inlet value
L local value
new value after relaxation
o outlet value
old value of previous iteration
s fluid property at the wall
w wall value
k value at mean free path away from the wall
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Poiseuille flow. Hadjiconstantinou and Simek [10] studied
the constant wall temperature problem in 2-D micro and
nano channels in the slip and transition regimes. Ren-
ksizhulut et al. [11] investigated numerically the rarefied
gas flow and heat transfer in the entrance region of rectan-
gular microchannels in the slip flow regime. It is found that
the temperature jump effect is very important and neglect-
ing of this effect leads to a significant over prediction of
heat transfer rate.

But in all the above studies, the compressibility of the
gas is neglected. The compressible effect is very important
in microchannel flow [3,11–13]. Neglecting of compress-
ibility is not appropriate, especially under large pressure
ratio. Guo and Wu [12] investigated the compressibility
and rarefied effects in microchannel and concluded that
the compressibility is important and should be consid-
ered. Asako et al. [13] solved two dimensional compress-
ible momentum and energy equations to obtain the effect
of compressibility on gaseous flow characteristics in
microchannels. Chen [14] investigated the heat transfer
characteristics of compressible flow in microchannels,
but non-slip boundary conditions are used in their
simulations.

A relaxation method is proposed in the present study.
By using this relaxation method, convergent results of Bur-
nett equations at Kn up to 0.4 was achieved. Even though
Lockerby and Reese [15] have successfully extended
numerical simulation to Kn exceeding 1. They only solved
one dimensional Burnett equations. When the same
method was used to the two dimensional Poiseuille flow,
convergent solution can only be reached at Kn up to 0.2.
Burnett equations are then used to study the compressible
gaseous flow and heat transfer characteristics in microflu-
idic and nanofluidic systems.
2. Burnett equations

The Burnett equations are the second-order approxima-
tion of the Chapman–Enskog solution to the Boltzmann
equation. The Augmented Burnett equations are widely
used in previous studies [3,13] and they are adopted in
the present study. The governing equations of two dimen-
sional unsteady compressible viscous flow can be written in
Cartesian coordinates as
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Fig. 1. Schematic of pressure-driven microchannel flow.
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The viscous stress tensor r11 can be expressed as follows:
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The other viscous stress tensor rij and heat flux vector qi

are omitted here because of the space limit. Please refer
to [3] for more information about the equations. Here the
Sutherland’s law is adopted to modify viscosity.

The pressure obeys the perfect gas law

p ¼ qRT : ð3Þ
Eqs. (1) and (3) form a set of closed equations and q, u, v,
T, p can be solved with appropriate boundary conditions.

3. Slip boundary conditions

Non-slip boundary conditions are generally unrealistic
for slip and transition flows as there are not enough
collisions near the wall to equilibrate the flow field. The
classical slip boundary conditions of this type are the
Maxwell–Smoluchowski first-order slip conditions:
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2� rv

rv
k

du
dy

����
w

þ 3

4

l
qT

oT
ox

����
w

; ð4aÞ

T s � T w ¼
2� rT

rT

2c
Prðcþ 1Þ k

dT
dy

����
w

: ð4bÞ

The second term on the right of Eq. (4b) is thermal creep
contribution to slip velocity. Analytical models derived
using the first-order slip boundary condition have been
shown to be relatively accurate up to Kn of approximately
0.1 [1]. For Kn > 0.1, however, experimental studies have
shown that models based on the first-order boundary con-
dition show considerable discrepancies against observed
data [16]. Different kinds of second-order slip boundary
conditions are studied, but no consensus has been reached
on the correct form of second-order formulation [17].

In the present study, a general slip boundary condition
proposed by Beskok et al. [18] is adopted.
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where Tk means the temperature at a mean free path
away from the wall. This kind of slip boundary condition
corresponds to a high-order slip boundary condition by
simply expanding uk in terms of us, using Taylor series
expansion.
4. Numerical algorithm

The schematic of pressure-driven microchannel flow is
shown in Fig. 1. The flow is driven by the pressure differ-
ence between the inlet pressure and outlet pressure. The
ratio of these two pressures is defined as P.

The Burnett equations are hard to converge. As men-
tioned by many researchers, the Burnett equations are
unstable at fine grids [19,20]. Very coarse grids were used
in their simulations to get convergent results. Convergent
results can only be achieved at Kn up to 0.2. A relaxation
method is proposed in the present simulation. The relaxa-
tion factor, Rf, is used to compute the augmented Burnett
value of the new iteration as follows:

Bnew ¼ Bold þ Rf ðB� BoldÞ; ð6Þ
where B denotes the third term on the right of Eq. (2). By
using this relaxation method in the augmented Burnett
terms, the computation is more likely to converge. Differ-
ent values of relaxation factor are examined and we find
that with a relaxation value of 0.01, the convergent results
of the Burnett equations can be achieved up to Kn = 0.4,
using 20 grids in the direction normal to the wall.

The numerical instability of the Burnett equations are
associated with the grid Knudsen number, which can be
defined based on the grid dimension

Kngrid ¼
k

minðDx;DyÞ ; ð7Þ

where Dx and Dy are grid sizes in the x and y direction,
respectively. According to our computation, the critical
Kngrid is about 8. When Kngrid is larger than this value,
the computation becomes unstable.

The present computation is based on SIMPLE algo-
rithm. A grid dependence test is first carried out for the
nitrogen flow in a 40 lm � 2 lm microchannel. The central
difference interpolation was adopted here. The inlet and
outlet pressure are 150 and 100 kPa, respectively. So the
inlet to outlet pressure ratio is 1.5. The temperature of inlet
gas is 300 K. Isentropic relations for an ideal gas are
applied to calculate the inlet velocity. The temperature
and velocity at outlet are extrapolated from the interior
of the domain. Five different grids are examined and it is
found that the 200 � 20 grid is able to provide grid-inde-
pendent results. However, the 300 � 30 grid is used in the
present numerical simulation.
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Fig. 3. Variation of Po along the channel at different Kn.
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Fig. 4. Variation of Nu along the channel at different Kn.
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5. Results and discussions

Pong et al. [21] studied the pressure distributions along
planar microchannels using an array of surface microma-
chined piezoresistive pressure sensors. In their experiments
they found that pressure distributions are nonlinear in the
microchannels due to compressibility. The computed pres-
sure distributions along the stream-wise direction for nitro-
gen flow are compared with experimental results of Pong
et al. in Fig. 2. Five inlet pressures are compared (pi =
135, 170, 205, 240 and 275 kPa). Our present numerical
results agree very well with experimental data. When the
pressure ratio is small, the effect of compressibility is small
and the pressure gradient is almost constant. The trend
towards a nonlinear distribution is clear when the pressure
ratio becomes large.

The nitrogen gaseous flows and heat transfer at different
Kn and Re are then studied. The length to height ratio
(L/H) of the channel is 20 in the computation hereafter.
The temperature of inlet gas is 300 K and the wall temper-
ature is 400 K. The outlet pressure is 100 kPa, so the mean
free path of nitrogen based on the outlet pressure and wall
temperature at 400 K is 90.7 nm. The tangential momen-
tum and thermal accommodation coefficients are set to unit
in the present study. The variation of Kn is achieved by
changing the channel height.

Slip velocities at the wall with and without thermal creep
effect are first examined. From the results we find that ther-
mal creep only affects the slip velocity at the entrance
region. Because of the temperature difference between inlet
gas and the wall, the tangential temperature gradients near
the inlet is large and the thermal creep effect is obvious. As
the fluid proceeding along the channel, the tangential tem-
perature gradient decreases and so does the effect of ther-
mal creep.

The axial variation of local Poiseuille number and local
Nusselt number at different Kn is showed in Figs. 3 and 4,
respectively. The Reynolds numbers in these cases are 2.2.
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Fig. 2. Pressure distribution along the channel at five inlet pressures
(pi = 135, 170, 205, 240, and 275 kPa).
Because of the difference in dimension, the inlet pressure is
chosen to keep Re constant.

The local Poiseuille number decreases when proceeding
along the channel. At small Kn (e.g., Kn = 0.01), Po

decrease rapidly first near the inlet and then tends to a con-
stant. But at large Kn (e.g., Kn = 0.3), Po decreases along
the channel, not only in the entrance region, but in the
whole channel. The fluid accelerates along the channel
because of the density reduction brought about by the pres-
sure drop. The normal velocity gradient at the wall also
increases along the channel. The numerical results in
Fig. 3 reveal that the increase in u outweighs the increase
in normal velocity gradient when Kn is large.

Fig. 3 also demonstrates that the Po decreases with the
increase of Kn. The velocity profile at larger Kn is flatter
than that at smaller Kn. The normal velocity gradient at
the wall decreases with the increase of Kn number. So the
friction factor or the shear stress decreases with the
increase of Kn.

From Fig. 4 we find that the distributions of local Nus-
selt number for compressible flow are different from those
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of incompressible flow. Similar Nu distributions are
reported by in Chen [15] when studying steady compress-
ible flow in microchannels.

When Kn 6 0.1, Nu decreases rapidly first along the
channel axis up to about x/H = 5, then it rises slowly after-
wards. But when Kn = 0.3, Nu decreases along the whole
channel. This peculiar behavior can be explained with the
help of Fig. 5. dT

dn

��
w

and Tw � Tm both decrease rapidly near

the inlet, but dT
dn

��
w

decrease much more rapidly than T w �
Tm, so Nu decreases first. The fluid accelerates along the
channel because of the density reduction brought about
by the pressure drop. As the fluid velocity increases, more
energy is transferred from the internal energy and flow
work into the kinetic energy. As a result, the temperature
decreases gradually. The largest temperature occurs at
about x/H = 2.2. From this location afterward, dT

dn

��
w

and
Tw � Tm increase gradually. When Kn 6 0.1, the increase
rate of dT

dn

��
w

is larger that of Tw � Tm when x/H > 5, so
the Nu increases gradually. But for Kn = 0.3, the increase
ratio of dT

dn

��
w

is less than that of Tw � Tm, and Nu keeps
on decreasing.
x/H
0 5 10 15

6

8

10

12
Re= 0.95

Re= 2.16

Re= 3.58

Re= 5.19

Po
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The axial variation of local Poiseuille number and Nus-
selt number at different Re are demonstrated in Figs. 6 and
7, respectively. The Kn in these cases is 0.1. Fig. 6 depicts
that the Po decreases when proceeding along the channel.
There is a sudden reduction near the inlet when Re =
0.95 and 2.16. The local Poiseuille number increases as
Re increases.

The effect of Re on local Nu distribution are not as
obvious as that of Kn. Fig. 7 reveals that larger Re results
in larger Nu when x/H < 5. The velocity-increase and tem-
perature-drop along the channel due to expansion are more
obvious at larger Re. Hence, the increase of Nu along the
channel is also more obvious at larger Re.

6. Conclusions

The Augmented Burnett equations with slip boundary
conditions are used to model the compressible gas flow
and heat transfer in micro Poiseuille flow in slip and tran-
sition flow regime. The Burnett equations are numerically
unstable at large Knudsen number. Convergent results
could only be obtained when Kn 6 0.2 in the past. The pro-
posed relaxation method on the augmented Burnett terms
enable us to obtain the convergent results up to Kn = 0.4,
using 20 grids in the direction normal to the wall. From
the computation we find that the stability of the Burnett
equations is associated with grid Knudsen number. The
critical Kngrid number is about 8 according to our calcula-
tions. The thermal creep contribution on the slip velocity
was taken into consideration in the simulation. The pres-
sure distributions computed using the Burnett equations
agree very well with experimental data.

With the increase of Kn, Poiseuille number decreases
while Nusselt number increases. The local Poiseuille num-
ber decreases along the channel. At small Kn (Kn = 0.01),
Po decreases rapidly first near the inlet and then tends to
a constant value. But at larger Kn, Po decreases along
the whole channel. The decrease is more obvious for larger
Kn. When Kn 6 0.1, the local Nusselt number decreases
rapidly first along the channel axis, then it rises slowly
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afterwards. But when Kn = 0.3, the local Nusselt decreases
along the whole channel. This is a result of the competing
effect of dT

dn

��
w

and Tw � Tm.
The local Poiseuille number increases with the increase

of Re. The decrease in Poiseuille number along the channel
is more obvious at larger Re. The change in Nu along the
channel is larger at larger Re.
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